A stapled sequence is a set of consecutive positive integers such that no one of them is relatively prime with all of the others. The problem of existence and construction of stapled sequences of length N was extensively studied for over 60 years by Pillai, Evans, Brauer, Harborth, Erd os and others.
fact.
There exist several proofs that stapled sequences exist for any N 17. We show that existence of stapled sequences is equivalent to existence of stapling coverings of a sequence of N consecutive natural numbers by prime arithmetic progressions such that each progression has at least two common elements with the sequence and discuss properties of stapling coverings. We introduce the concept of e ciency of stapling coverings and develop algorithms that produce e cient stapling coverings. Using the result by Erd os, we show that the greatest prime number used in stapling coverings of length N can be made o(N).
Introduction
Consider the following problem: for a given N, does there exist a sequence S N of N successive natural numbers such that no element is relatively prime with all the others? (We call such sequences stapled.) This problem was originally suggested by Szekeres 4] and by Pillai 13]. It was extensively studied for over half a century by Erd os, Pillai, Evans, Brauer, Harborth and others. Sivasankaranarayana, Szekeres and Pillai proved that no stapled sequences exist for any N < 17 5] . A simpler proof of this fact is presented in this paper.
Pillai 13], Brauer 1], Harborth 10, 11] and Evans 2] proved that for any N 17 there exist stapled sequences of length N, i.e. sequences of consecutive natural numbers, where each element has a common divisor 1 < d N with the product of all the other elements of the sequence. As shown below, this problem is equivalent to the problem of covering nite sequences of natural numbers by arithmetic progressions with prime di erences. The concept of e ciency of such coverings is introduced in this paper and constructions producing e cient stapling coverings are presented. While Evans' solution 2] is considered the most elegant proof of the existence of stapling coverings for N > 16, Brauer's solution 1] is seemingly the most e cient one suggested before this paper. Below we describe algorithms that produce signi cantly more e cient coverings than those by Brauer. It is also shown that the greatest prime number used in a in stapling covering can be made smaller than N, for any > 0, if N is su ciently large. 
Example
The shortest, and, seemingly, the rst known example of a stapled sequence is the sequence of length N = 17 which starts with s 1 = 2184 and ends with s 17 = 2200 (we denote it by S = 2184; 2200]). Let us use this example to illustrate the notation in Defs. 2.1 to 2.7.
The stapling covering of this sequence is given by a set of congruences In other words, any SSN of length N 16 includes a member relatively prime with all other members.
Proof. It follows from Lemmata 3.6 and 3.7 that it is su cient to prove the theorem for N = 15 and N = 9.
For N = 15, note that if there exists a stapling covering of 1,15] where a 2 = 2, h(2) = 2, then there exists a stapling covering of 2,16] with a 2 = 2, h(2) = 1. Thus it is su cient to show that no such stapling covering of 2,16] exists.
Suppose rst that a 3 = 3. Then each of A 5 , A 7 , A 11 can cover only one of the numbers 5,7,11,13, and A 13 can cover none. Thus, a 3 = 5 or a 3 = 7. Because of \mirror image" symmetry, it is enough to consider a 3 = 5. Now, 3,7,9,13,15 remain to be covered, and A 5 must cover two of them. Hence a 5 = 3. Then neither 7 nor 9 can be covered by A 11 or A 13 , and both of them cannot be covered simultaneously by A 7 , thereby making stapling covering impossible. Thus no stapling covering of length 15 exists.
For N = 9 it is readily seen that A 2 can cover either four or ve numbers. If A 2 covers four numbers, then A 3 ; A 5 and A 7 can cover not more than two numbers, one number, and one number, respectively, out of ve remaining numbers, thus, leaving one number not covered. If A 2 covers ve numbers, then the only way to cover two numbers with A 3 is to choose h(3) = 2. However, since A 7 cannot cover 4 or 6, again one number is left not covered. Thus, stapling coverings do not exist for N = 9, which completes the proof.
For N = 17 there exist only two di erent stapling coverings which are mirror images of each other. One is given by rst indicators (1,2,1,3,1,4) (i.e., h 1 = h(2) = 1; h 2 = h(3) = 2; : : : ; h 6 = h(13) = 4). The other is given by (1,1,2,1,6,1) (Cf. example in Sec. 2). It follows then, by Lemmata 3.6 and 3.7, that stapling coverings exist for 17 N 21. It is remarkable that, as computer calculations show, it is possible to extend the stapling covering given by (1,2,1,3,1,4) to the right in order to construct stapling coverings up to N 4 10 7 , and, most probably, for all larger N. More exactly, the procedure is the following. We start with stapling covering for S 17 2 1; 17] given by the set of prime congruences with rst indicators (1,2,1,3,1,4) . At each step we go from S N = 1; N] to S N+1 = 1; N +1] and check whether the last number N + 1 is covered by at least one of the prime congruences used in the stapling covering of S N . If this is not so, we use the smallest unused prime number p < N + 1 to cover N + 1 and add the prime congruence A p to the set W I . This approach, however, does not work if one starts with the set of congruences given by rst indicators (1,1,2,1,6,1): this set cannot be extended for N = 25.
In fact, as shown below, stapling coverings exist for all N 17.
E cient Stapling Coverings
An interesting characteristic of stapling covering is the ratio of the number j I j of primes used for the covering to the total number (N) of primes not exceeding N.
De nition 4.1. The expense "(T) of a stapling covering T(S N ; W I ) is the ratio "(T) = jIj (N ) . Stapling coverings with expense substantially smaller than 1 are called e cient.
Another related characteristic is cuto .
De nition 4.2. The cuto u(T) of a stapling covering T(S N ; W I ) is the ratio of the greatest prime p i ; i 2 I to N.
It is easy to see that the coverings with the small cuto are e cient. It is an interesting open problem though to show that e cient stapling coverings can always be transformed into coverings of small cuto .
It is worth to note that the simple approach described in the Sec. 3 yields rather e cient stapling coverings for large N. The expense "(T) de- S Q, if h(3) = 2, are covered by \unmoved" prime numbers for which h i = p i . It remains to show that the set P 1 (respectively, P 2 ) is large enough to cover all members of D 2 S Q (respectively, D 1 S Q).
Without loss of generality, assume that h(3) = 1 and, thus j P 1 j + j D 1 j j P 2 j + j D 2 j. Then j P 1 j ? j D 2 j j P 2 j ? j D 1 j. Since j P 1 j + j P 2 j= The construction given in the Theorem 4.2 can be amended by choosing properly indicators for other small prime numbers in order to lower expense and cuto . However, the same goal can be achieved easier by use of symmetry (somewhat similar to Brauer's approach). The constructions given in Theorems 4.2, 4.5 can generate exponentially large (in N) number of di erent stapling coverings.
In the rst draft of this paper the author conjectured, that for any > 0 there exist stapling coverings that do not use moduli greater than N. According to P. Erd os 7] this is indeed true and follows from his theorem in 6]. We quote the theorem here: Theorem 4.6. For a certain positive constant c 2 , we can nd c 2 p n log p n =(log log p n ) 2 consecutive integers so that no one of them is relatively prime to the product p 1 p 2 p n , i.e. each of these integers is divisible by at least one of the primes p 1 ; p 2 ; ; p n .
(Here log stands for the natural logarithm).
Using this fact it can be readily proved that our conjecture holds, i.e. the following theorem is true: As well known, p n < 2p n?1 . Thus, p n < N. It follows from (4.17) and theorem 4.6 that there exists a sequence S N of N consecutive natural numbers such that each of them is divisible by at least one of the primes p 1 ; p 2 ; : : : ; p n . Thus, S N is a stapled sequence with the cuto u < . This result, however, does not provide an e cient algorithm for constructing such a sequence.
In fact, it is possible, by a slight modi cation of the proof (namely, choosing p m such that Theorem 4.7 provides a basis for a stronger and more general result obtained in 8].
Open Problems
The concepts of stapled sequences and stapling coverings introduced and discussed above lead to some unsolved problems, as follows. Proof Denote Z(n) = f 2 s 3 t j 2 s 3 t n; n; s; t 2 Ng Y (n), where Y (n) = fy j y = 2 s , j y j n, s 2 N; y 2( mod 3)g. Since exactly one of two numbers, 2 s or ?2 s , belongs to Y (n), j Y (n) j = b log 2 n c.
By Lemma 4.1, j Z(n) j log 2 n(log 3 n ? 1) + blog 2 nc log 2 n log 3 n 
